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1 Scalar field theory and its symmetries

Ex. 1.5 Show that the action

S =

∫
dDxL(x) = −1

2

∫
dDx

[
ηµν∂µφ

i∂νφ
i +m2φiφi

]
. (1)

is invariant under the transformation

φi(x)
Λ−→ φ′i(x) ≡ φi(Λx). (2)

Remember: (Λx)µ = Λµ
νx

ν and
Λµ

ρηµνΛ
ν
σ = ηρσ. (3)

Only fields transform, not spacetime coordinates
Ex. 1.6 Compute the commutators [L[µν], L[ρσ]] and show that they agree with that of

[m[µν],m[ρσ]] = ηνρm[µσ] − ηµρm[νσ] − ηνσm[µρ] + ηµσm[νρ] (4)

for matrix generators. Show that to first order in λρσ

φi(xµ)− 1
2
λρσL[ρσ]φ

i(xµ) = φi(xµ + λµνxν). (5)

Remember:
L[ρσ] ≡ xρ∂σ − xσ∂ρ. (6)

2 The Dirac field

Ex. 2.9 Show, using only

{γµ, γν} ≡ γµγν + γνγµ = 2 ηµν , (7)

that [Σµν , γρ] = 2γ[µην ]ρ = γµηνρ − γνηµρ.
Prove the consistency of

δΨ = −1
2
λµνΣµνΨ , δΨ̄ = 1

2
λµνΨ̄Σµν

Prove then the invariance of the action

S[Ψ̄,Ψ] = −
∫

dDxΨ̄[γµ∂µ −m]Ψ(x)
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3 Clifford algebras and spinors

Ex 3.40 Rewrite

S[Ψ] = −1
2

∫
dDx Ψ̄[γµ∂µ −m]Ψ(x)

as

S[ψ] = −1
2

∫
d4x

[
Ψ̄γµ∂µ −m

]
(PL + PR)Ψ

= −
∫

d4x
[
Ψ̄γµ∂µPLΨ− 1

2
mΨ̄PLΨ− 1

2
mΨ̄PRΨ

]
.

and prove that the Euler-Lagrange equations are

/∂PLΨ = mPRΨ , /∂PRΨ = mPLΨ . (8)

Derive 2PL,RΨ = m2PL,RΨ from the equations above.
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Answers to questions asked

• Give an explicit construction of γ-matrices

• To construct a C that satisfies

(CΓ(r))T = −trCΓ(r) , tr = ±1 , (9)

where Γ(r) is a matrix in the set

{ΓA = , γµ, γµ1µ2 , γµ1µ2µ3 , · · · , γµ1···µD} (10)

of rank r, the following two properties are relevant

CT = −t0C , (Cγµ)T = t1Cγ
µ . (11)

or the last one is also
γµT = t0t1Cγ

µC−1

Indeed for all indices different

(Cγµ1µ2...µr)T =
(
Cγµ1C−1Cγµ2C−1 . . . CγµrC−1C

)T
= −t0(t0t1)rCγµr...µ1 (12)

See that this gives a number for r mod 4.

• See that there are two solutions C+ and C− for even dimension,

• To go to another representation

γ′µ = SγµS−1 , C ′ = S−1TC S−1 .
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